The exchange scattering amplitude for the ionization of atomic hydrogen by electron impact in the eikonal approximation is reduced to a three-dimensional integral expression suitable for numerical calculations. By making use of this scattering amplitude, we have calculated the exchange-corrected differential and integrated cross sections. The present result of the integrated cross section turns out to be in excellent agreement with experimental results in the intermediate as well as high energy region. § 1. Introduction
Since the first application of the Glauber approximation!) to the calculation of the electron-hydrogen elastic scattering cross section,") this approximation has been mainly used to study the scattering of charged particles, such as electrons and protons, by atomic hydrogen 3 l~5l or hydrogenlike ions. 6 l This is because those processes are very fundamental and the wave functions of the system are so definitely known that it is favorable to test the validity and the applicability of this approximation. Consequently, it has become clear that the Glauber approximation is applicable not only in high energy region but also in intermediate energy region m which the first Born approximation is unreliable.
However, the application of the Glauber approximation to the ionization process7l of atomic hydrogen by electron impact was made lately, compared with elastic scattering and excitation, since the divergence problem due to the Coulomb wave function describing the final state of the ejected atomic electron was solved recently by the evaluation with an integral representation. The calculation showed that the integrated cross section for the ionization as well as the excitation was in fairly good agreement with experimental data in the whole energy region in comparison with those obtained by the Born approximation. 8 l Another evaluation of the ionization cross section with the so-called electron exchange was proposed in succession. 9 l However, only symmetry consideration was introduced and no exchange scattering amplitude was explicitly evaluated. There are a number of shortcomings in the Glauber approximation. The Glauber assumption q, = 0, namely, the assumption that the momentum transfer q is perpendicular to the incident momentum of charged particles, is not satisfied for large-angle inelastic scattering in intermediate energy region and it considerably restricts the range of applicability of the theory. Therefore, Gau and Macek investigated largeangle inelastic scattering amplitude without the Glauber additional assumption qz = 0 and showed that the six-dimensional integral expression for the full eikonal direct scattering amplitude for electron-hydrogen scattering can be reduced to a twodimensional expression suitable for numerical calculations. 10 
>
In the intermediate energy region of interest in these calculations, however, the correction due to electron exchange effect may be much more important than the above-mentioned correction to the direct scattering amplitude. There have been a number of calculations of the exchange scattering amplitude in the GlauberOchkur approximation for electron-hydrogen scattering.11l~ta> Foster and Williamson reduced the post and prior full eikonal exchange scattering amplitudes for electron-hydrogen scattering to two-dimensional integral expressions by the use of the techniques similar to those employed by Gau and Macek, and applied the expression as a demonstration to the electron-atomic hydrogen elastic scattering with success.w Recently Gien applied the full eikonal exchange scattering amplitude to the calculation of n = l--c>2 excitation cross section of atomic hydrogen by electron impact. 15 >
In the present paper we reduce the full eikonal exchange scattering amplitude without the additional assumption qz = 0 for the ionization of atomic hydrogen by electron impact to a three-dimensional integral expression suitable for numerical integrations and evaluate the exchange-corrected ionization cross sections numerically. In § 2 we formulate the direct and exchange scattering amplitudes for the ionization of atomic hydrogen by electron impact in the eikonal approximation.
In § 3 we summarize the differential and integrated cross section formulae with some discussions about numerical integrations. In § 4 we present the exchangecorrected ionization cross sections calculated by the use of the eikonal-exchange approximation and compare them with those obtained by the Born-exchange approximation and with experimental results. § 2. Scattering amplitude
In this section we formulate the direct and exchange scattering amplitudes for the ionization of atomic hydrogen by electron impact in the eikonal approximation. Though the direct scattering amplitude has already been reduced to a one-dimensional integral expression suitable for numerical calculations by evaluating the Coulomb wave function describing the final state of atomic hydrogen with an integral representation, we summarize the result briefly since the direct scattering amplitude is also neccessary in the evaluation of the exchange-corrected ionization cross section. On the other hand, the post and prior forms of the eikonal exchange scattering amplitude to be formulated in this paper can be reduced to three-dimensional integral expressions suitable for numerical integrations. Through this paper formulations are presented in atomic units.
T. Sel?imura

The eikonal direct scattering amplitudes, F<+J and F<-J
If we let ki, k 1 and IC be, respectively, the momenta of the incident, scattered and ejected electrons, then the direct scattering amplitude for the ionization of atomic hydrogen by electron impact is expressed in the following forms:
(1) and (2) where the interaction between the incident electron and the target: vi= -1/rl + 1/r12 with r 12 = [r1 -r2 [. r 1 and r 2 are, respectively, the coordinates of the incident and atomic electrons relative to the nucleus. The initial wave function <j;/+ 1 (r1, r 2) in the eikonal approximation is given by where c,6i (r2) is the initial state of the atomic electron to be given definitely in § 2.2. The final wave function ¢ 1 (r~> r 2 ) is expressed in the form where the final state of the atomic electron ¢{ 1 (tc, r 2) 1s represented in terms of the partial wave expansion of the Coulomb wave function with an integral representation. On the other hand, the initial and final wave functions in Eq. (2) are similarly given by (5) and (6) By the use of these wave functions and with the Glauber additional assumption qz = 0, \Ve find finally that the eikonal direct scattering amplitude for the ionization of the ground-state atomic hydrogen by electron impact can be reduced to a one-dimensional integral form suitable for numerical calculations : 71 
T(l+1+ijtc)'
with (z)" = r (z + /1) I r (z) being Pochhammer's symbol, and Ii,m (a, q) can be written in terms of the hypergeometric function:
r=-Po
/2 + 1, the summation is taken over r and ( ,a+1)
The other expression F<-l of the eikonal direct scattering amplitude given by Eq. (2) can be also reduced to a one-dimensional integral suitable for numerical calculations and can be obtained from the expression F<+l given by Eqs. (7) "'-' (11) by interchanging ki with k 1 and IJi with r; 1 = 1/ k1.
The post and prior eikonal exchange scattering amplitudes, c<+l and c<-l
For the ionization of atomic hydrogen by electron impact the exchange scattering amplitude is expressed in two ways, that is, the so-called post and prior forms, c<+) and c<-l. Though the above reduction of the eikonal direct scattering amplitude incorporates an additional assumption q, = 0, the reduction of the eikonal exchange scattering amplitude to be made in this section is based only on the eikonal approximation to the scattering wave function.
If we let ki be the momentum of the incident electron, and !C, k 1 be the final momenta of the scattered and atomic electrons, respectivly, after rearrangement, then the post and prior eikonal exchange scattering amplitudes for the ionization of atomic hydrogen by electron impact are given by (12) 
The wave function ¢i (r~o r 2) in the initial state is the product of a plane wave and the initial state of the atomic electron ¢i (r2): (15) and the final wave function 0/-) (r2, r 1) after rearrangement IS the product of the phase-distorted plane wave describing the final state of atomic electron by use of the eikonal approximation and the Coulomb wave function '¢ 1 (!C, r 1) : (16) In order to evaluate the post eikonal exchange scattering amplitude G''-) explicitly, we represent the initial state of the atomic electron ¢i (r2) in the form (17) where ci IS the normalization constant, and Di (Jli, JJi) is the appropriate differential operator which generates the required initial wave function. Introducing atomic units, for the ground state (18) The final state of the scattered electron '¢ 1 (!C, r 1) IS the Coulomb wave function which is expressed by an integral representation with a variable ~: (19) where C{m (!C) is a normalization constant corresponding to the orbital-angular momentum quantum number l and the magnetic quantum number m: and D{m (/t 1 , v 1 ) is an appropriate differential operator which generates the required partial wave to be given later explicitly and 11 1 = ite (1-2n.
Using Eqs. (3), (14) , (17) , (18) 
(22b)
The differential operators D{m (!lh Y 1 ) which generate the required partial waves of the Coulomb vvave function are given in the forms 
On the other hand, the prior eikonal exchange scattering amplitude c'-) given by Eq. (13) The remaining integrals of the eikonal direct and exchange scattering amplitudes are evaluated numerically by Gaussian quadrature. §~.3.
Ionization cross section
If we let l.:i, k 1 and " be, respectively, the momenta of the incident, scattered and ejected electrons, the exchange-corrected differential cross section for the ionization of atomic hydrogen by unpolarized electron beam is given by
where F and G are, respectively, the direct and exchange scattering amplitudes formulated in § § 2.1 and 2.2. The integration of the angular part of JC can be easily performed. Because of the azimuthal symmetry around the direction of kh it is reduced to the double differential cross section concerning the ejected electron momentum /C and momentum transfer q, where q = k;-kf. The cross section is given by (27) where Re denotes the real part. Moreover, integrating over rc and q, we finally obtain the integrated cross section:
(28) 
The m1mmum and maximum values of the momentum transfer are given by
and m order to avoid double counting, the maximum value of /C 1s taken to be
Since the direct scattering amplitude F is reduced to a one-dimensional integral expression and the post or prior exchange scattering amplitude G can be reduced to a three-dimensional integral expression with variables ;, A and X' the integrated cross section rJ (Ei) is obtained finally by the iive integrations, including two integrations of the ejected electron momentum /C and momentum transfer q. The integrations are performed numerically by Gaussian quadrature. §
Numerical results and discussion
In this section we present the exchange-corrected ionization cross section calculated by the eikonal-exchange approximation and compare it with that obtained by the Born-exchange approximation and with experimental results.
In Fig. 1 the integrated cross section rJ (Ei) given by Eq. (28) for the ionization of the ground state atomic hydrogen by electron impact calculated by the eikonal-exchange approximation is shown with that obtained by the Born-exchange approximation and experimental results. The solid curve is the cross section calculated by the eikonal-exchange approximation in which the direct and exchange scattering amplitudes have been given by Eqs. (7) and (22). The dashed curve is the cross section obtained by the Born-exchange approximation in which we have employed the scattering amplitude with a phase factor !5 = 0 reported in a note by Geltman et al., 161 though other phase choices have been discussed in detail by Rudge and Seaton. 81 The crosses are the data points obtained from absolute measurements and the solid circles are the relative results normalized to the absolute measurement at 500 e V of Fite and Brackmann.m The triangles are the data points obtained from relative measurements of Boyd and Boksenberg, 181 normarized to the Born approximation result at 300 eV. As shown clearly in Fig. 1 , the eikonal-exchange result is in good agreement with experimental data over the whole energy region. In particular, the agreement is quite good at the incident energy Ei>40 eV, so that our exchange-corrected result is a great improvement on that obtained from the direct ionization process only. However, at E(S:40 e V, where the original assumption included in the eikonal approximation is not sufficiently assured, the exchange-corrected result lies a little above experimental results. The identification of curves is the same as for Fig. 1 .
The eikonal-exchange approximation gives the maximum ionization cross section at E, =50 e V. On the other hand, the Born-exchange approximation gives the maximum cross section at E,=40 eV which is about 10 eV lower than the above-mentioned energy. Though the cross section calculated by the Born-exchange approximation is a fairly good improvement on that obtained by the direct Born approximation without exchange, as shown clearly in Fig. 1 , the cross section deviates largely from experimental data at E,<lOO e V, so that the Born-exchange approximation is not satisfactory in that energy regwn in comparison with the eikonal-exchange approximation.
In Fig. 2 the differential cross section du / dK calculated by the eikonal-exchange approximation versus the ejected electron momentum K at the incident energy E, =50 eV is shown with that obtained by the Born-exchange approximation. At E, =50 e V there are noticeable differences in magnitude between the two cross sections. However, there are also a number of similarities, that is, the ejected electron momentum {( corresponding to the maximum differential cross section is about 0.4r~ E, =50 eV The identification of curves is the same as for Fig. 1 . 4, the exchange effect becomes effective with the increase of the momentum transfer q and shows itself more conspicuously for the eikonal-exchange cross section than that obtained by the Born-exchange approximation. As emphasized already, the fact that the exchange effect becomes effective with the increase of K is visible clearly in Figs. 3 and 4 .
Generally, for the theoretical treatment of a rearrangement collision, such as the exchange in the ionization of atomic hydrogen by electron impact, in which the component particles of the colliding system are rearranged during the scattering process, there are two kinds of expressions of the exchange scattering amplitude, that is, the post and prior forms of the exchange scattering amplitude. This is the so-called post and prior problem. In calculations using the Bon:.-exchange approximation there is no problem, since the post and prior forms of the exchange scattering amplitude are theoretically identical. On the other hand, in our calculations by the use of the eikonal-exchange approximation the post and prior problem still remains. The exchange-corrected differential and integrated cross sections for the elastic and n = 1---->2 inelastic scatterings of atomic hydrogen by electron impact using the post and prior eikonal exchange scattering amplitudes have been already calculated, and it has been pointed out that at 100 e V, for example, the post-prior discrepancy in the elastic exchange-corrected integrated cross section is less than 3% .w The post-prior discrepancy in the exchange cross section is manifest in the case of inelastic scatterings, especially in the ionization process, since there are considerable differences in the values of the interchanging quantities, as already mentioned in § 2, in the exchange scattering amplitude. Indeed, at Ei = 100 e V and K = 0.525 (a0 -1 ) , the prior double differential exchange cross section for the ionization of atomic hydrogen by electron impact is two times as large as the post one. In spite of this result, there is little post-prior discrepancy in the exchange-corrected integrated cross section rJ (E;) in Fig. 1 , smce the main contribution to the integrated cross section is clue to the direct cross section and the post-prior discrepancy in the exchange cross section has little effect on the integrated cross section in the intermediate energy region.
There is another problem of the choice of the z-clirection in the eikonal exchange scattering amplitude. We can choose an arbitrary z-clirection in the calculation of the exchange cross section only. However, in the calculation of the exchange-corrected total cross section, the z-clirection in the exchange scattering amplitude must be chosen to be the same as that of the direct scattering amplitude for the sake of consistency. The exchange-corrected ionization cross sections shown in Figs. 1-"-'4 both in the eikonal-exchange and Born-exchange approximations are obtained by choosing the direction of the incident momentum k, as a common .zclirection in the direct and exchange scattering amplitudes.
Recently the triple differential cross section was measured at high energy for the ionization of atomic hydrogen by electron impact. 19 J We are now evaluating the cross section in the eikonal approximation, which will be discussed and corn- pared with other theoretical calculations as well as the experimental result in a following paper. From our present point of view, however, measurement of the cross section in the intermediate energy region is desirable.
